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Bar Models and Secondary Mathematics
Lesson 5: Percentage of a Percentage
Australian Curriculum: Mathematics (Years 7 and 8)
ACMNA158: Find percentages of quantities and express one quantity as a percentage of another, with and without digital technologies (Year 7)
· using authentic problems to express quantities as percentages of other amounts
ACMNA157: Connect fractions, decimals and percentages and carry out simple conversions (Year 7)
ACMNA187: Solve problems involving the use of percentages, including percentage increases and decreases, with and without digital technologies (Year 8)
Lesson abstract 
In this lesson, bar models are used to help students to solve word problems involving a percentage of a percentage of a quantity, by studying worked examples and practising with further tasks. Students learn to consider the appropriate “whole” to use for each step, as they work through the problems and gain an understanding of the reasoning behind the calculations, through the visual representation of the bar models.
Mathematical purpose (for students)
A bar model can help us to solve problems involving a percentage of a percentage.
Mathematical purpose (for teachers)
This lesson is for students who can find a percentage of a quantity (e.g. 15% of 28), and can express a proportion as a percent (e.g. 6 is 40% of 15). Students learn to solve word problems that involve finding a percentage of a percentage of a quantity (e.g. finding a discount of 10% on a price already discounted by 25%).Students represent the key components of the problems in bar models, which highlights which ‘whole’ they are using at each of step in these multi-step problems. The visual support of the bar models facilitates an organisation and understanding of problems, which can be used in many mathematical topics. Polya’s four steps of problem solving are used to structure the solution process.  
	Lesson Length
	60 minutes approximately

	Vocabulary Encountered
· bar model
· part-whole model
 
	Lesson Materials
· Slide show ST4_Secondary_5a_Percent.pptx
· Student Sheet 1 - Bar Model Examples 5A (1 per student)
· Student Sheet 2 - Bar Model Examples 5B (1 per student)
· Students’ calculators as desired
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	THE BAR MODEL METHOD 




	We value your feedback after these lessons via https://www.surveymonkey.com/r/G6VGPZ8
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Background to the Lesson
This lesson is suitable for students who have some familiarity with using bar models to assist with mathematical problem solving. If this is not the case, start with Lesson X: Preparation for Bar Models in this unit. Further information on the different types of bar models can be found in the Bar Model Method Teacher’s Guide.
Polya’s problem-solving methodology of ‘Understand, Plan, Do, Check’ is used throughout the introductory examples, to provide students with a structured framework to apply when solving problems. For further information, please refer to the reSolve Bar Model Method Teacher’s Guide.
This lesson focuses on solving multi-step multi-part word problems involving percentage of a quantity and percentage of a percentage. Prior understanding of calculating percentage of a quantity is assumed.
The lesson plan suggests three whole class examples, followed by increasingly independent practice. Whole class examples (Student Sheet 1 - Bar Model Examples 5A) and further practice tasks for students (Student Sheet 2 - Bar Model Examples 5B) are provided. Solutions to the Tasks can be found in Teacher Sheet – Bar Model Solutions 5B. The slide show (ST4_Secondary_5a_Percent.pptx) provides animated solutions to the whole class examples, and two of the practice tasks. Teachers should balance between whole class work and independent practice depending on the students’ prior experience with the bar model method and percentage.
Whole Class Examples
[bookmark: _Hlk511205650]Hand out Student Sheet 1 - Bar Model Examples 5A. Students should write the solutions to these examples, for future reference.
Examples 1, 2 and 3 are contained in the slide show ST4_Secondary_5a_Percent.pptx, which can be used during initial instruction and class discussion. 
Example 1
	Joanna had $2400. She spent 26% of her money on a sofa and 25% of the remainder on 6 book shelves. How much did she spend on each book shelf?



Sample Solution
 [image: ] 

Discussion organised by Polya’s four stages

[bookmark: _Hlk511224251]Use the animated slide show ST4_Secondary_5a_Percent.pptx with the following discussion points as you progress through Polya’s four stages. Feel free to move back and forth between the stages. The construction of the bar model can begin at the Understand or Plan stage, recording information as it is gathered. Bar models are constructed iteratively, and often need to be revised. 

Understand
· Read the problem with the class and help students understand the word problem.
· What did Joanna spend some of her money on? (ANS: A sofa and 6 book shelves)
· Analyse the quantities given in the word problem. E.g. the amount that Joanna had, the amount she spent on a sofa and the remainder on 6 book shelves.
· Which would cost more? The sofa or the 6 book shelves? (ANS: The sofa)
· What do I have to find? (ANS: The cost of just one book shelf, although she bought 6 of them)
· Note that the percents in the problem are referring to two different ‘wholes’: all of Joanna’s money, and later the remainder. 
Plan
· Discuss how these quantities are related and how they can be represented using bar models.
· Get students to suggest what bar model might be drawn and explain why.
· What type of bar model do we draw? (ANS: Multiple part-whole models)
· What would the length of the main bar represent? (ANS: all Joanna’s money, so label it)
· How is the relationship represented in the bar model? (ANS: The length of the bars shows the relationship between the cost of the sofa & the remaining money. The changes between the bars relates to reframing what 100% represents)
Do
· Depending upon the confidence of students at using the bar model method, you may choose to either walk through this problem as a class, or allow the students some time to work on their solutions independently or in small groups, then share with the class to consolidate their learning. Prompts to spark thinking could include:
· Experiment with drawing bar models = you may need more than one bar. 
· When you draw the bars, be sure to label the sections clearly.
Check
· Substitute the values into the original problem to see if all conditions are met.

Example 2

	Kaye did a survey of all the students in year 11 at her school, about which mathematics subject they were enrolled in.
Kaye found that 20% studied Maths C. All the rest of the students in year 11 studied a different maths subject.
Of those who studied a different maths subject, 10% chose to study Maths B, and the rest studied Maths A.
Kaye was told by her teachers that there were 36 more students studying Maths C than Maths B.
How many students were in year 11 at Kaye’s school?





Sample Solution
[bookmark: _GoBack][image: ]
20% of year 11 students study Maths C
100% - 20% = 80% study a different maths.
Of those who studied a different maths, 10% study Maths B.
All the rest study Maths A, or 
100% - 10% = 90% study Maths A
Students studying Maths B in all of Year 11
10% of 80% = 0.1 x 80%
	    = 8%
Students studying Maths A in all of Year 11
80% - 8% = 72%
(or 90% x 80% = 0.9 x 80% = 72%)

There are 36 more students in Maths C than Maths B. How many students are there in Year 11?
8% of students study Maths B
20% of students study Maths C
20% - 8% = 12% more students study Maths C than Maths B.
12%  36 students
1%  36 ÷ 12 = 3 students
100%  3 x 100 = 300 students
There are 300 students in year 11

Discussion organised by Polya’s four stages

Walk through the example with students via the slide show ST4_Secondary_5a_Percent.pptx using the following discussion points as you progress 

Understand
Analyse the quantities in the problem:
· Who did Kaye survey? (ANS: All year 11 students)
· How many students study Maths C? (ANS: 20%  - but of what?)
· What are the other Maths subjects? (ANS: Maths A and Maths B)
· What percentage of the year 11 students study Maths A or Maths B? (ANS: 80% - but of what?)
· Which maths subject has more students studying it – Maths B or Maths C? (ANS: Maths C, by 36 students)
· What are we trying to find? (ANS: How many students are in year 11)

Plan
Discuss how this problem might be represented in a bar model. Guide students into drawing the information for the whole class first, and then extracting the subset of ‘different maths students’ into a separate bar model as they work through representing the information in the problem as bars:
· Which bar model might best represent the year 11 students? (ANS: a part-whole model)
· What percentage of all students study Maths C, and what percentage study a different maths? (ANS: 20% and 80%)
· Do you think the 10% of Maths B students is out of the whole Year 11, or just out of the students studying a different maths? (ANS: just out of the different maths students)
· How is this represented in a bar model? (ANS: Create a separate whole-part model for this subgroup)


Do
· Use the bar model drawn during the “Plan” stage to help students to visualise the solution as the calculations unfold.
· Assist students to develop an understanding of the purpose behind multiplying the percentages, which in this example is to divide the group studying a “Different maths” into the subgroups studying Maths B and Maths A.
· If 10% of students studying a Different maths subject are in the Maths B class, how might we represent this on the bar of the whole class? (ANS: we can show it as10% of the “Different maths” section of this bar, which is 10% OF 80%)
· How might we calculate 10% OF 80% (ANS: Visually, we can divide the bar representing 80% of students into 10 equal groups. 10% of 80% would represent one of these divisions. This would clearly be 8% of all students. 
· Numerically, we convert 10% into a decimal number then multiply it by 80).
· Can we work out the difference in percentage between the number of students studying Maths C and Maths B? (ANS: Yes, it’s 12% - percentages can only be subtracted if they have the same base quantity,)
· What information in the question has not yet been used & how might it help us to answer the question? (ANS: how many more students study Maths C than Maths B. We can relate this to the difference in percentage of students studying Maths C and Maths B, which will enable us to find the number of students in Year 11).
Check
· Check your answer by substituting the values into the original problem.
Example 3

	Joe’s Bakery baked some tarts for a charity event. 
23% of the tarts were chocolate tarts and the rest were fruit tarts.
80% of the fruit tarts were lemon tarts and the remaining ones were mango tarts. 
There were 1520 more chocolate tarts than mango tarts. 
How many tarts did Joe bake?



Sample Solution

[image: ]Mango tarts  20% of 77% = 0.2 x 77% = 15.4%
Chocolate Tarts  23%
23% - 15.4% = 7.6%
Difference between the percentage of chocolate and mango tarts is 7.6%
From the question, there are 1520 more chocolate tarts than mango tarts
7.6%  1520
   1%  1520 ÷ 7.6 = 200
100%  200 x 100 = 20 000
Joe baked 20 000 tarts.
 
Discussion organised by Polya’s four stages
Walk through the example with students via the slide show ST4_Secondary_5a_Percent.pptx, using the following discussion points as you progress.

Understand
· Analyse the quantities given in the word problem. 
· What percentage were the chocolate tarts? (ANS: 23% but of what).
· What percentage were the lemon and mango tarts? (ANS: 77% but of what).
· Were there more chocolate tarts or mango tarts? How much more? (ANS: 1520 more chocolate tarts than mango tarts).
· What percentage of the fruit tarts were mango tarts? (20% - but of what).
· What do I have to find? (The total number of tarts Joe baked).

Plan
· Discuss how these quantities are related and how they can be represented using bar models.
· Select whether a part-whole model or the comparison model is more appropriate here and explain why.  (ANS: Part-whole model).
· Ask some pertinent questions as prompts:
· What should the bars represent? (ANS: The percentage of each type of tart baked).
· What do you do first? (ANS: Draw a bar model of the tarts Joe bakes, broken into chocolate and fruit tarts.
· Do we need a second bar? (ANS: yes; to represent the fruit tarts only as 100%).
· Draw the bar models and label them.

Do
· Assist students to reinforce their understanding of multiplying a percent by a percent, using the bar model as a visual aid.
· 20% of the fruit tarts are mango tarts. How do we find out what percent of all tarts are mango tarts? (ANS: multiply 20% by 77%).
· How do we calculate 20% of 77%? (ANS: converting 20% to a decimal number, and multiplying by 77).
Check
· Check your answer by substituting the values into the bar models and the original problems.

Consolidating and Concluding
[bookmark: _Hlk511290268]Further practice
Hand out Student Sheet 2 - Bar Model Examples 5B. Students work through selected tasks either individually, in pairs or in groups. Discuss solutions as time permits. 
Worked solutions are provided in Teacher Sheet – Bar Model Solutions 5B. Solutions to Task 1 and Task 2 are included in the slide show (ST4_Secondary_5a_Percent.pptx).
Conclusion 
[bookmark: _Hlk511228911]Summarise the learning points for the lesson, asking students to add their own observations:
· [bookmark: _Hlk511291180][bookmark: _Hlk511228847]Bar models are useful for organising the information in a word problem involving percentages into a diagram.
· In some percentage problems, what constitutes the “whole” amount is different for the various percentages given in the question. When this happens, we need to create a new bar for each different “whole” amount.
· When we have multiple bars in our model, it is helpful to draw dotted lines to show which quantities are the same between the bars.
· Bar models can help us to understand visually way why we multiply the percentages, when calculating a percentage of a percentage.
· When calculating a percentage of a percentage, we convert one of the percentages to a decimal number, to perform the calculation.
It is intended that students to continue to use bar models to help in their regular classwork.




[bookmark: _Student_Sheet_1]Student Sheet 1 - Bar Model Examples 5A
[bookmark: Student_A]Example 1

Joanna had $2400. 
She spent 26% of her money on a sofa and 25% of the remainder on 6 book shelves. 
How much did she spend on each book shelf? 





Example 2
Kaye did a survey of all the students in year 11 at her school, about which mathematics subject they were enrolled in.
Kaye found that 20% studied Maths C. All the rest of the students in year 11 studied a different maths subject.
Of those who studied a different maths subject, 10% chose to study Maths B, and the rest studied Maths A.
Kaye was told by her teachers that there were 36 more students studying Maths C than Maths B.
How many students were in year 11 at Kaye’s school?





Example 3

Joe’s Bakery baked some tarts for a charity event. 
23% of the tarts were chocolate tarts and the rest were fruit tarts.
80% of the fruit tarts were lemon tarts and the remaining ones were mango tarts. 
There were 1520 more chocolate tarts than mango tarts. 
How many tarts did Joe bake?
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[bookmark: _Student_Sheet_2][bookmark: _Student_Sheet_3]Student Sheet 2 - Bar Model Examples 5B
[bookmark: Student_B]Task 1
Mary had some money. 
She spent 20% of her money on a cruise and set aside the rest as household money. 
She spent 68% of the household money on a computer, and still had some spare money left to spend. 
She then spent 40% of the spare money on a study table and had $768 to save. 
How much money did Mary have at first?






Task 2
Jennifer spent 35% of her salary on her daily expenses. She gave her parents  of the remaining amount and saved the rest. The amount she saved was $591.25 less than the amount she spent on her daily expenses. How much was Jennifer’s salary?







Task 3
A warehouse had some blue, red and yellow T-shirts. 45% of the T-shirts were blue and 68% of the remainder were red. 45% of the yellow T-shirts were small-sized, 30% of the yellow T-shirts were medium-sized and the rest were large-sized. There were 7744 large-sized yellow T-shirts.  How many T-shirts did the warehouse have? 







Task 4
Beatrice spent 70% of her allowance on food. With the remaining money, she spent 20% of it on books, 40% of it on groceries and had some money left. She realized the amount of money left was $290 less than what she spent on her books. What was Beatrice’s allowance?
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Teacher Sheet - Bar Model Solutions 5B
[bookmark: Teacher_A]Task 1

Mary had some money. She spent 20% of her money on a cruise and set aside the rest as household money. She spent 68% of the household money on a computer, and still had some spare money left to spend. She then spent 40% of the spare money on a study table and had $768 to save. How much money did Mary have at first?

Understand
What percentage of her money did Mary spend on a cruise? (20%)
What does $768 represent? (The amount Mary left after spending on a cruise, a computer and a study table) 
What do I have to find? (The amount of money Mary had at first)
[image: ]Plan
Let me draw a model and label the model.
 
Do
Working backwards:
1. Spare money to spend
100% - 40% = 60%
  60%  $768
    1%  $768 ÷ 60 = $12.80
100% of spare  $12.80 x 100 = $1280
	2. Household money
100% - 68% = 32%
  32%  $1280
    1%  $1280 ÷ $32 = $40
100%  $40 x 100 = $4000

	3. Money at first
100% - 20% = 80%
  80%  $4000
    1%  $4000 ÷ 80 = $50
100%  $50 x 100 = $5000
 Mary had $5000 at first.



[image: ]Check
100% of Mary’s money $5000
                           80%  0.8 x $5000 = $4000
100% household money  $4000
32%  0.32 x $4000 = $1280
100% spare  $1280
60%  0.6 x $1280 = $768
Mary has $768 left after spending on a cruise, a computer and a study table.
Task 2

Jennifer spent 35% of her salary on her daily expenses. She gave her parents  of the remaining amount and saved the rest. The amount she saved was $591.25 less than the amount she spent on her daily expenses. How much was Jennifer’s salary?

Understand
How much did Jennifer spend on her daily expenses? (ANS: 35% of her salary)
How much did she give her parents? (ANS:  of the remaining amount)
What does $591.25 represent? (ANS: The difference between the amount spent on her daily expenses and the amount she saved)
What do we have to find? (ANS: Jennifer’s salary)
[image: ]
Plan
Draw and label a model

Do
Amount saved   x 65% = 8.125% of whole salary
Amount spent  35% of whole salary
35% - 8.125% = 26.875%
Difference between amount saved and spent was 26.875% of whole salary
26.875%  $591.25
         1%   $591.25 ÷ 26.875 = $22
     100%  $22 x 100 = $2200
Jennifer’s salary was $2200.

Check
Check the answer by substituting the values into the bar models.

[image: ]
100%  $2200
35%  0.35 x 2200 = $770 (amount spent on daily expenses)
65%  $2200 – 770 = $1430

8 units  $1430
1 unit $1430 ÷ 8 = $178.75

$770- $178.75 = $591.25

Difference between the amount spent on her daily expenses and the amount she saved was $591.25.



Task 3

A warehouse had some blue, red and yellow T-shirts. 45% of the T-shirts were blue and 68% of the remainder were red. The rest were yellow. 45% of the yellow T-shirts were small-sized, 30% of the yellow T-shirts were medium-sized and the rest were large-sized. There were 7744 large-sized yellow T-shirts.  How many T-shirts did the warehouse have? 
100% (?)
45% Blue
(55%) remaining
68% Red
(32%) Yellow
Small
45%
Medium 30%
Large 7744








Yellow t-shirts
100% - 45% - 30% = 25% are large yellow t-shirts
25%  7744
100%  4 x 7744 = 30 976 yellow t-shirts

Red and yellow t-shirts (“remaining”)
32%  30 976
100% 30 976 ÷ 32 x 100 = 96 800

All t-shirts
55%  96 800
100% 96 800 ÷ 55 x 100 = 176 000

The warehouse had 176 000 T-shirts.











Task 4

Beatrice spent 70% of her allowance on food. With the remaining money, she spent 20% of it on books, 40% of it on groceries and had some money left. She realized the amount of money left was $294 less than what she spent on her books. What was Beatrice’s allowance?
[image: ]

% of Beatrice money left  40% of 30% = 0.4 x 30 = 12%
% of Beatrice’s money spent on books  20% of 30% = 0.2 x 30 = 6%
Difference between amount of money left & money spent on books  12% - 6% = 6% 
  6%  $294
    1%  $294 ÷ 6 = $49
100%  $49 x 100 = $4900
Beatrice’s allowance was $4900.
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Example 1 (Solution - Do)
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She spent $74 on each book shelf.




image5.png
Maths C
(20% of Year 11) Different maths (80% of Year 11)

Year 11
Students

\«———— 1100% of Different maths —.;

“MathsB Maths A
10% 90%




image6.png
23% D fruit (77%)
chocolate !
i
N 80% lemon T 20%

mango




image7.png
100% at first ($?)

\4

=209 i =i‘ Household money g
20% Cruise i 100% of household money ‘i
N 68% on Computer " Spare tospend

100% of spare

1

——>—>
40% $768 savings
Table (60%)





image8.png
$5000

Mary’s $
20% Cruise ‘ 100% household money
< 68% " Spare to spend
Computer 100% spare
40% 5768 savings

(60%)




image9.png
Tasjér‘%if%tm% of her salary on her daily expenses. She gave her

7 -
parents 3 of the remaining amount and saved the rest. The amount she

saved was $591.25 less than the amount she spent on her daily
expenses. How much was Jennifer’s salary?

< >

N B B

< ><4—>





image10.png
easlep i@hb%’:’k’j of her salary on her daily expenses. Sh§9!¥§
parents 3 of the remaining amount and saved the rest. The amount she

saved was $591.25 less than the amount she spent on her daily
expenses. How much was Jennifer’s salary?

< >

[T T T T T T[]

< ><4—>





image11.gif




image11.png
2018 Juliana_Unit 3 Lesson 5_Student Notes (with solutions) V.2 - Word =

Insert  Design  Layout  References  Malings  Review  View  EndNoteX7  ACROBAT  Q Tell mewhatyouwantto CHENG Lu Pien (MME) £, Share
cu — F «w P DFind
ﬁ E‘E(D;y Aiel MUBME S R 2L T | pagocene| aseocene AaBbC aabed AAB aseoce | 5 e
Pate G panter B I Ut x AW A-BG & TNormal | TNoSpac.. Headingl Heading2  Tle  Subtite 2| gy
Clipboard 5 Font 5 Paragraph 5 stes 5 Edting ~
. s . 3 . ' . 2 h 3 . s s : - 7 B
Question 1
] Beatrice spent 70% of her allowance on food. With the remaining money, she spent 20% of it
on books, 40% of it on groceries and had some money left. She realized the amount of money
left was $290 less than what she spent on her books. What was Beatrice’s allowance?
- 100% (?)
i P 70% (food) » < (30%) remaining
Beatrice
Books Groceries Teft
" 40%x30%
% of Beatrice money left = 40% x 30% = 12%
] % of Beatrice’s money spent on books = 70%
70% - 12% = 58% e
Page5of7 380f668words [¥ English (United States) ] - 1 + 140%

Y




image1.jpeg
¢(Solve)i




image2.png




image3.jpeg
azamt
Mathematics by Inquiry is an initiative of, and funded by, the & .
Australian Government Department of Education and Training

Australian Academy of Science [ N




