	[image: C:\Users\tim.sealey\AppData\Local\Microsoft\Windows\INetCache\Content.Word\reSolve_Brand_Identity_RGB-LIGHT_BLUE.JPG]
	Bar Model Solutions 8C



[bookmark: _GoBack]Bar Models and Secondary Mathematics
Lesson 8: Bar Models and Ratios 2
Australian Curriculum: Mathematics (Years 7 and 8)
ACMNA173: Recognise and solve problems involving simple ratios.
ACMNA188: Solve a range of problems involving rates and ratios, with and without digital technologies
Lesson abstract 
Students learn how to solve problems involving several ratios, where the size of ‘units’ in the ratios are different. The bar model method is a tool for visualisation. This lesson focuses on cases where the changes in the two quantities are related in some way; either the total or the difference is constant, or one quantity is constant. The lesson ends with “Challenge” activities where units from both ratios must be subdivided.
Mathematical purpose (for students)
Bar models can help with problems involving several ratios.
Mathematical purpose (for teachers)
This lesson extends students’ exploration of bar models as a visualisation and organisation tool whilst solving ratio problems. Students work with two and three ratios of quantities, mainly both before and after an amount has either been transferred between the quantities or otherwise changed. The problem structure is slightly varied throughout the lesson, resulting in students encountering a variety of different approaches to solving problems involving ratios. Alternative solutions to the problems using fractions or algebra can be explored, connecting these topics with ratio. The bar model method is intended to be a flexible tool that students can take with them from this topic to support problem solving in all mathematics areas. 
	Lesson Length
	                    60 - 120 minutes approximately

	Vocabulary Encountered
· 
	Lesson Materials
· Slide show ST4_Secondary_8A_Ratio.pptx
· Student Sheet 1 - Bar Model Examples 8A (1 per student)
· Student Sheet 2 - Bar Model Examples 8B (1 per student)
· Student Sheet 3 - Bar Model Examples 8C (1 per student, optional)
· Calculators as desired
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	THE BAR MODEL METHOD




	We value your feedback after these lessons via https://www.surveymonkey.com/r/G6VGPZ8
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Introduction
This lesson focuses on how to solve problems involving ratios where quantities and ratios change over time, using the bar model method as used as a tool for visualisation. Problems are of increasing complexity throughout the lesson, and builds upon the concepts covered during Lesson 7 of this Unit (ST4_Secondary_7_Ratio.docx).
The examples and tasks are found on Student Sheet 1 - Bar Model Examples 8A and Student Sheet 2 - Bar Model Examples 8B and in animated slideshow ST4_Secondary_8a_Ratio.pptx. Solutions to the Tasks are on Teacher Sheet 1 - Bar Model Solutions 8B and in the slide show.
This lesson anchors on 4 examples. Each example comes with two similar tasks for practice. Students can select or supplement the practice tasks according to student need.
Some of these problems can be solved by calculation with fractions and they all can be solved algebraically with linear equations. Examine a variety of alternative solutions through the lesson. You may consider it more appropriate to use the bar model to promote understanding of the problem, and algebraic methods to solve, particularly with year 8 students.
Four challenge tasks are given on Student Sheet 3 - Bar Model Examples 8C, with solutions on Teacher Sheet 2 - Bar Model Solutions 8C and in the slide show.
Whole Class Examples
Example 1
Students are introduced to the simplest kind of “before” and “after” ratio problems involving two quantities A and B, where the ratio of the two quantities both before and after a change is known. The difficulty level is kept manageable by holding the total of the two quantities A and B constant.
Hand out Student Sheet 1 - Bar Model Examples 8A and Student Sheet 2 - Bar Model Examples 8B. 
Present Example 1 from the slideshow ST4_Secondary_8a_Ratio.pptx. The animation shows how the bar models are built up gradually as information is gathered and understood. 

	At the start, the ratio of Jim’s sweets to Karen’s sweets was 3:2, but after Jim gave 9 of his sweets to Karen the ratio became 3:7. How many sweets did Karen have at the start?



Sample Solution
 [image: ]9

Teacher Notes
Understand
· Discuss the problem as a group and ask students to:
· Comment on whether the total number of sweets have changed.
· Comment on whether there is a change of ratio. If so, how does this change come about?
· Comment on whether both quantities changed.
· Identify what quantities are being compared in the problem and how these quantities are related to each other.
· Say if there is unknown quantity to be found. If so, which quantity? Was that the original quantity to be found or its changed value?
Plan & Do
· Get students to select which bar model (part-whole, comparison, stack or change) or combination of bar models should be used to represent the information. Ask students to explain their selection.
· This problem requires the use of the part-whole model and comparison model.
· In the “Before Change” Situation:
· One single bar is in two parts, representing Jim’s sweets and Karen’s sweets respectively (part-whole model).
· Jim’s part within the bar needs to be roughly 1.5 times the length of Karen’s part (to highlight 3:2).
· In the “After Change” Situation:
· Since the total number of sweets did not change, draw a second bar of the same length as the first; aligned and below the first bar (comparison model).
· Divide the bar into two parts in the ratio of 3:7 (part-whole model).
· The first part (Jim’s sweets now) shows 3 same-sized units, the second part (Karen’s sweets now) shows 7 units.
· Karen’s part has now increased in length.
· Jim’s part has now become shorter.
· It is important for students to note that 
· Both quantities changed; hence the change in ratio.
· The total number of sweets did not change.
· Each unit in the first bar has to be sub-divided into two smaller equal units the same size as the units in the second bar.
Enabling Prompts
· How many quantities are being compared in the ratio here?
· Did the total number of sweets change?
· Is there a change of ratio? 
· How does this change come about?
· What happens to Jim’s sweets after the change?
· What happens to Karen’s sweets after the change?
· How many bars would you draw to reflect the initial number of sweets Jim has and Karen has?
· How would you represent the change of ratios using bar models?
· What does the problem want us to find?
· What other information is provided in the problem?
· Compare the two bars. Can you deduce how we can sub-divide each units in the first bar, based on the size of each unit in the second bar?
· How does the information “Jim gave 9 of his sweets to Karen” fit into the model?

Alternative solution: 
Karen’s number of sweets was initially 2 fifths of the total, but because 7 tenths of the same total. The gain is 3 tenths of the total = 9 sweets. Hence there were 30 sweets at the start, and Karen had 12. 
Individual or group practice
Students work on Task 1 and Task 2 from Student Sheet 2 - Bar Model Examples 8B. Animated solutions are provided in the slideshow.
Example 2
This type of “before” and “after” problem involves three quantities A, B and C, where the triple ratio of the three quantities both before and after a change is known, and the total of the three quantities A+B+C are constant.

	Andy, Bert and Charlie each have a number of marbles in the ratio 1:2:3, but after Charlie gave Andy 8 of his marbles the ratio became 3:4:5. How many marbles did each have at the start?


Sample Solution
[image: ]8 marbles


Teacher Notes
Understand
· Students read the problem.
· Discuss the problem as a group, and ask students to:
· Comment on whether the total number of marbles has changed.
· Comment on whether there is a change of ratio. If so, how does this change come about?
· Comment on whether all three quantities changed.
· Identify how the various quantities are related to each other.
· Comment on which quantity is to be found -  an original quantity or its changed value?

Plan & Do
· Get students to select which bar model and to explain their selection. 
· This problem requires the use of the part-whole model within comparisons.
In the “Before Change” Situation:
· One single bar is divided into three parts; representing Andy’s, Bert’s and Charlie’s marbles respectively (part-whole model).
· Charlie’s part within the bar needs to be roughly 3 times the length of Andy’s part.
· Bert’s part within the bar needs to be roughly twice the length of Andy’s part

· In the “After Change” Situation:
· Since the total number of marbles did not change, draw a second bar of the same length as the first, aligned and below the first bar (comparison model).
· Divide the bar into three parts in the ratio of 3:4:5 (part-whole model).
· The size of Bert’s part in this bar should be the same as Bert’s part in the first bar drawn in the “before” situation.
· Andy’s part has now increased in length.
· Charlie’s part has now become shorter.
· It is important for students to note that 
· Only two out of three quantities changed; hence the change in ratio.
· The total number of marbles did not change.
· Each unit in the first bar has to be sub-divided into two smaller equal units the same size as the units in the second bar.
Alternative Solution
At the start Andy had 1 sixth of the marbles, and after he received 8 from Charlie he had 3 twelfths of the same number of marbles. The 8 marbles are therefore equal to one twelfth of the total, which must be 96. 
Individual or group practice
Students work on Task 3 and Task 4 from Student Sheet 2 - Bar Model Examples 8B. Animated solutions are provided in the slideshow
Example 3
This problem involves two quantities A and B, with the ratio of the quantities before and after a change being known, and one of the two quantities held constant. 
	At the start, the ratio of apples to oranges on sale in a shop was 4:5. After 15 oranges were added to the display, the ratio of apples to oranges becomes 8:13. How many apples were there? 


Sample Solution
 [image: ]
Teacher Notes
Understand
· Students read the problem.
· Discuss the problem as a group, and ask students to:
· Explain what the ratio of 4:5 means in the context of this problem (ANS: for every 4 apples, there are 5 oranges).
· Explain what the ratio of 8:13 means in the context of this problem (ANS: for every 8 apples, there are 13 oranges).
· Comment on whether the total number of apples and oranges have changed.
· Comment on whether both quantities changed.
· Comment on whether there is a change of ratio. If so, how does this change come about?
· Comment on whether there is unknown quantity to be found. If so, which quantity? Was that the original quantity to be found or its changed value? (number of apples to be found, no change in the number of apples). 
Plan & Do
· Get students to select which bar model (part-whole, comparison, stack or change) or a combination of bar models to represent the information. Ask students to explain their selection. 
· This problem requires the use of the comparison model.
· In the “Before Change” Situation:
· Two bars are drawn representing number of apples and number of oranges.
· Bars are aligned to show the difference in number.
· The bar showing apples should be approximately 0.8 times the length the bar showing oranges (ratio 4:5).
· In the “After Change” Situation:
· Two bars are drawn representing number of apples and number of oranges.
· Bars are aligned to show the difference in number.
· The bar showing apples should be approximately 8/13 times the length of the bar showing oranges (ratio 8:13).
· The bar showing apples should be the same length as the “before” situation (no change in number).
· The bar showing oranges should be longer that the previous orange bar.
· It is important for students to note that 
· The number of oranges changed (increased); hence the change in ratio.
· The total number of fruit (apples and oranges) changed.
· There is a need to compare the difference between the two bars showing oranges in the “before” and “after” situations.
Individual or group practice
Students work on Task 5 and Task 6 from Student Sheet 2 - Bar Model Examples 8B. Animated solutions are provided in the slideshow.
Example 4: Ratio of Three Quantities
This problem involves two quantities A and B, where the ratio of the quantities “after” a change is known, and the quantities of A and B change by the same amount. In the “before” state it may be that the quantities themselves are known (Example 4, Task 7) or that their ratio is known (Task 8).
This problem can be visualised with the bar model, but it is not readily solved by bar model methods. Discuss with students the obstacles they encounter with this problem. The best solution is by algebra. Algebra is a very widely applicable technique, which is why it is central to secondary mathematics. 
	Tim started making some fruit punch by mixing 100ml of orange juice with 200ml of lemonade, unfortunately the recipe called for the ratio of orange juice to lemonade to be 3:5. Can Tim add an equal amount of both orange juice and lemonade and still get the correct ratio in the end? 


Sample Solution (Bar model – with some guessing)
[image: ]
Solution by Algebra
Let the number of ml of orange juice to be added be m ml.  The question is answered by solving the equation

Teacher Notes
Understand
· Discuss the problem as a group, and ask students to:
· Review the information in the problem
· Discuss what the change of ratio means in real-life (i.e. the taste of fruit punch changes).

Plan & Do
The bar models are similar to those in earlier questions. 
Enabling Prompts
· How many sets of ratios are given in the problem?
· How many quantities are being compared here?
· How are the quantities being compared?
· What do the two sets of ratios tell you about how the quantities are related to each other?
· How would you represent the two sets of ratios and the quantities using bar models?
· What does the problem want us to find?
· Notice that the original ratio of orange juice to lemonade is 1:2. This ratio can be changed to an equivalent ratio of 2:4. 
· 2:4 is the difference from the end ratio of 3:5 by 1 unit for orange juice and 1 unit for lemonade.
Individual or group practice
Students work on Task 7 and Task 8 from Student Sheet 2 - Bar Model Examples 8B. Animated solutions are provided in the slideshow.
Challenge Activity (Optional)
Challenge tasks are on Student Sheet 3 - Bar Model Examples 8C with solutions in Teacher Sheet 2 - Bar Model Solutions 8C and the slide show.
The previous four types of problems all have the following three features in common: 
a. there are two bars which should be the same length (because they represent the same physical quantity) but which are subdivided into two different sized units, 
b. by visual inspection it can be seen that the smaller of these two different units divides the larger a whole number of times, so by subdividing the larger unit into copies of the smaller, everything can be expressed in terms of the smaller unit, and 
c. using an additional piece of information about the quantities provided in the question, the size of this smaller unit can be found. 
The “challenge” problems in this final part of the lesson share the first and last features with earlier problems, but are more challenging because they differ in that neither unit divides the other, but instead both must be divided into a common unit smaller than either. Otherwise the structure of these problems is identical to the corresponding problems in the earlier part of the lesson (e.g. Challenge 1 should initially be tackled exactly like Example 1).
These problems all show the power of an algebraic solution. The bar model can help students set up the equation (by organising information and visualising the problem structure). Then the equation (linear in every case) can be solved by routine methods. 
Challenge 1
	Among some school children, the ratio of those who had not yet solved a difficult maths question to those who had solved it was 2:1. After the teacher allowed them extra time, the ratio of those who had not solved the problem to those who had solved it became 1:3. If 15 children solved the problem during this extra time, how many children were there altogether? 


Sample Solution (Bar model)
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	By algebra:
Let the number of students who finished in first time period be F.
Let the number of students who finished in first time period be N.
From the first ratio,   so 
From the second ratio, 
Solve these equations.


Teacher Notes 
· Ask the students to compare “Challenge 1” with “Example 1” and ask what they notice.
· Then ask students to compare “Challenge 2” with “Example 2”, then 3 and 4.
· Encourage the students to attempt these “Challenge” questions exactly the same way as they did before;
· Warn students to expect something not to work out quite so easily, and to compare with their friends.
Enabling Prompts
· Look at Challenge 1, it seems just like Example 1, so let’s try solving it the same way.
· Look at the before and after bars – the total length is the same, but what do you notice about the units?
· Before we saw that the smaller unit fitted into the larger a whole number of times, but not so here.
· Why don’t we try drawing the same kind of mesh of dotted lines just like we did before?
· This means that whenever we see a vertical black line between units we extend it from top to bottom.
· Can you see there is a unit, smaller than either of the two units we initially used, which divides both?
· Let’s express everything in terms of this smallest unit, by chopping everything up using the dotted lines.
· Can you use the fact that 15 more children had solved the problem, to find the size of this smallest unit, like before?
Consolidating and Conclusion
Further practice
If they have not done so throughout the lesson, students work through selected tasks from the worksheet Student Sheet 2 - Bar Model Examples 8B either individually, in pairs or in groups. Challenge activities are provided in Student Sheet 3 - Bar Model Examples 8C as an optional additional activity. Discuss solutions as time permits. 
For later questions encourage algebraic solutions as well as bar model solutions. 
Worked solutions are provided in Teacher Sheet 1 - Bar Model Solutions 8B and Teacher Sheet 2 - Bar Model Solutions 8C. Solutions are also included in the slide show ST4_Secondary_8a_Ratio.pptx. 
Conclusion 
Some pertinent questions to promote a concluding discussion include:
· Can the students see the connection between what has been done and the concept of equivalent ratios?
· Is it possible to solve these problems without drawing bars, but just replacing ratios by equivalent ratios?
· Do they see why drawing the bars helps remove guesswork, by showing how and why the units subdivide?
· What makes algebra so powerful? How does a bar model help with solving problems with algebra?
Ask students to add their own observations.



[bookmark: _Student_Sheet_1]Student Sheet 1 - Bar Model Examples 8A
[bookmark: Student_A]Example 1  
At the start, the ratio of Jim’s sweets to Karen’s sweets was 3:2, but after Jim gave 9 of his sweets to Karen the ratio became 3:7. How many sweets did Karen have at the start? 





Example 2 
Andy, Bert and Charlie each have a number of marbles in the ratio 1:2:3, but after Charlie gave Andy 8 of his marbles the ratio became 3:4:5. How many marbles did each have at the start? 






Example 3 
At the start, the ratio of apples to oranges on sale in a shop was 4:5. After 15 oranges were added to the display, the ratio of apples to oranges becomes 8:13. How many apples were there? 






Example 4 
Tim started making some fruit punch by mixing 100ml of orange juice with 200ml of lemonade, unfortunately the recipe called for the ratio of orange juice to lemonade to be 3:5. Can Tim add an equal amount of both orange juice and lemonade and still get the correct ratio in the end? 
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[bookmark: Student_B]Student Sheet 2 – Bar Model Examples 8B
Draw bar models to represent the situations below and use this to solve the problems 
[bookmark: _Ref511860300]Task 1
At the start, the ratio of clean cups to dirty cups was 2:3, but after 15 dirty cups were washed the ratio of clean cups to dirty cups became 11:4. How many dirty cups were there left to be washed in the end?
 
[bookmark: _Ref511860428]Task 2
Among some school children, the ratio of those who could swim to those who could not was 2:5. 
After some swimming lessons, the ratio of those who could swim to those who could not became 9:5. 
If 25 children learned to swim during the lessons, how many children were there in total?

[bookmark: _Ref511860549]Task 3
A group of school children were supposed to divide themselves into three equal teams, but many wanted to be in the same team as their friends. So, the ratio of the team sizes A:B:C was initially 2:3:7.
To make the teams equal in size, the teacher moved 15 children from Team C into the other teams. 
How many children were there in total?

[bookmark: _Ref511860624]Task 4
Liz, Beth and Diane each have a stamp collection. 
Liz has half as many stamps as Beth.
Beth has the same number of stamps as Diane. 
After Diane bought a total of 24 stamps from Liz and Beth, the ratio of the numbers of their stamps Liz:Beth:Diane became 2:5:8. 
How many stamps did Diane have in the end?

[bookmark: _Ref511861306]Task 5
The ratio of boys to girls at a party was 3:5. After 14 of the girls left, the ratio of the boys to girls remaining became 9:8. How many children in total were there remaining at the party? 

[bookmark: _Ref511861319]Task 6
The ratio of hot dogs to burgers at a snack stall was 5:7. 
After 20 of the burgers were eaten the ratio of hot dogs to burgers became 10:9. 
How many burgers were there left?

[bookmark: _Ref511861893]Task 7
Jennifer is currently 15 years old and her father is 45 years old. 
In how many years’ time will the ratio of their ages be 7:13?  
[bookmark: _Student_Sheet_2][bookmark: _Student_Sheet_3]
[bookmark: _Ref511861901]Task 8
The ratio of boys to girls in a school was 3:7, but after 15 more boys and also 15 more girls joined the school, the ratio of boys to girls became 3:5. 
How many boys and girls were there at the school in the beginning?
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[bookmark: Student_C]Student Sheet 3 - Bar Model Examples 8C
Draw bar models to represent the situations below and use this to solve the problems.
Challenge 1
Among some school children, the ratio of those who had not yet solved a difficult maths question to those who had solved it was 2:1. 
After the teacher allowed them extra time, the ratio of those who had not solved the problem to those who had solved it became 1:3. 
If 15 children solved the problem during this extra time, how many children were there altogether?


Challenge 2
Some school children had to choose one sport from the following list: swimming, football, and athletics. The number of places available for football was double that of either of the other two sports. 
The ratio of the numbers choosing each of the three sports was 1:2:3 (swimming : football : athletics), so the teacher switched 18 children into other sports. Then all the places were filled correctly. 
How many children were there in total?


Challenge 3
The ratio of bananas to kiwifruit available in a school canteen was 3:5, but after 3 of the kiwifruit had been eaten the ratio became 2:3. 
How many bananas were there?


Challenge 4
The ratio of the number of apples to oranges at a fruit stall was 5:3. 
After 15 apples and 15 oranges were sold the ratio became 5:2. 
How many apples and oranges were there at the start?
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[bookmark: Teacher_A]Teacher Sheet 1 - Bar Model Solutions 8B
Task 1
At the start, the ratio of clean cups to dirty cups was 2:3, but after 15 dirty cups were washed the ratio of clean cups to dirty cups became 11:4. 
How many dirty cups were there left to be washed in the end?
 [image: ]
Task 2
Among some school children, the ratio of those who could swim to those who could not was 2:5.
After some swimming lessons, the ratio of those who could swim to those who could not became 9:5. 
If 25 children learned to swim during the lessons, how many children were there in total?
 [image: ]

Task 3
A group of school children were supposed to divide themselves into three equal teams, but many wanted to be in the same team as their friends.
So, the ratio of the team sizes A:B:C was initially 2:3:7.
To make the teams equal in size, the teacher moved 15 children from Team C into the other teams. 
How many children were there in total?
 [image: ]
Task 4
Liz, Beth and Diane each have a stamp collection. 
Liz has half as many stamps as Beth.
Beth has the same number of stamps as Diane. 
After Diane bought a total of 24 stamps from Liz and Beth, the ratio of the numbers of their stamps Liz:Beth:Diane became 2:5:8. 
How many stamps did Diane have in the end?
[image: ]


Task 5
The ratio of boys to girls at a party was 3:5. After 14 of the girls left, the ratio of the boys to girls remaining became 9:8. 
How many children in total were there remaining at the party 
[image: ]?

Task 6
The ratio of hot dogs to burgers at a snack stall was 5:7. 
After 20 of the burgers were eaten the ratio of hot dogs to burgers became 10:9. 
How many burgers were there left?

[image: ]



Task 7
Jennifer is currently 15 years old and her father is 45 years old. 
In how many years’ time will the ratio of their ages be 7:13?

 [image: ]
Task 8
The ratio of boys to girls in a school was 3:7, but after 15 more boys and also 15 more girls joined the school, the ratio of boys to girls became 3:5. 
How many boys and girls were there at the school in the beginning?
[image: ]
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[bookmark: Teacher_B]Teacher Sheet 2 - Bar Model Solutions 8C
Challenge 1
Among some school children, the ratio of those who had not yet solved a difficult maths question to those who had solved it was 2:1. 
After the teacher allowed them extra time, the ratio of those who had not solved the problem to those who had solved it became 1:3. 
If 15 children solved the problem during this extra time, how many children were there altogether?
 [image: ]
Challenge 2
Some school children had to choose one sport from the following list: swimming, football, and athletics. The number of places available for football was double that of either of the other two sports. 
The ratio of the numbers choosing each of the three sports was 1:2:3 (swimming : football : athletics), so the teacher switched 18 children into other sports. Then all the places were filled correctly. 
How many children were there in total?
[image: ]

Challenge 3
The ratio of bananas to kiwifruit available in a school canteen was 3:5, but after 3 of the kiwifruit had been eaten the ratio became 2:3. 
How many bananas were there?

[image: ]

Challenge 4
The ratio of the number of apples to oranges at a fruit stall was 5:3. 
After 15 apples and 15 oranges were sold the ratio became 5:2. 
How many apples and oranges were there at the start?
[image: ]
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20 burgers were eaten

14 units - 9 units = 5 units of burgers eaten
So 1 unit= 20+ 5 = 4 pieces of food

There were 9 x 4 =36 burgers left
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Difference in age is 13 units - 7 units = 6 units

So, 6 units = 30 years
lunit=30 + 6 = 5years In 20 years time, their age

Aunits= 4 x 5 = 20 years will be in a ratio of 7:13
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6 units — 3 units =3 units = 15 children
lunit = 15 + 3 = 5children

There were 3 x5 = 15 boys and 7 x 5 =35 girls
at the school in the beginning.
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15 more children solved the problem with additional time.
9 units — 4 units = 5 units of extra children solved the problem

So, 1 unit= 15+ 5= 3 children

There was a total of 8 units + 4 units = 12 units of children
That is, there were 12 x 3 =36 children altogether.
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Too many students chose Athletics, and not enough chose Swimming or Football.
The teacher had to move 18 of them from Athletics.
6 units - 3 units = 3 units

So lunit= 18+

= 6 students
There were 12 x 6 = 72 students in total
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3 kiwifruit were eaten

10 units - 9 units = 1 unit of kiwifruit was eaten

1 unit = 3 pieces of fruit

There were 6 x 3 = 18 bananas

6 units

6 units

9 units

10 units
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15 apples and 15 oranges were sold.
9 units — 4 units =5 units = 15 pieces of fruit

1unit = 15 + 5 = 3 pieces of fruit
There were 15 x 3 = 45 apples and 9 x 3 =27 oranges
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