
Unit Overview: 
Bar Models and Secondary Mathematics
Summary of learning goals
As part of the Special Topic ‘The Bar Model Method’, this unit demonstrates how the bar model method is used to solve problems about whole numbers, fractions, percentages and ratios in the early secondary years, and it also shows how bar models are useful to accompany lessons on introductory algebra. The bar model method is primarily a problem-solving tool – a way of organising information in a worded problem and an efficient tool for visualising the relationships between known and unknown quantities. As such, the intention of all these lessons is to give students a flexible tool that they can carry with them in all areas of the curriculum. These lessons focus on developing expertise in the tool, to strengthen students’ skills in tackling word problems or problems arising in any real situation. 
More specifically, the lessons work with whole numbers, fractions percentages and ratios in solving multi-step, multi-part word problems involving the four operations and combinations of bar models. Two lessons focus on using bar models as a bridge between arithmetic and algebra, setting the stage for formulating and solving algebraic equations in a meaningful way. The bar models are used as an aid to conceptual understanding of ratios, percents and fractions especially in problems where there are multiple ‘wholes’ involved. 
Australian Curriculum: Mathematics (Years 6, 7 and 8)
ACMNA123: Select and apply efficient mental and written strategies and appropriate digital technologies to solve problems involving all four operations with whole numbers.
ACMNA126: Solve problems involving addition and subtraction of fractions with the same or related denominators.
ACMNA152: Compare fractions using equivalence.
ACMNA153: Solve problems involving addition and subtraction of fractions, including those with unrelated denominators.
ACMNA155: Express one quantity as a fraction of another, with and without the use of digital technologies
ACMNA157: Connect fractions, decimals and percentages and carry out simple conversions 
ACMNA158: Find percentages of quantities and express one quantity as a percentage of another, with and without digital technologies 
ACMNA173: Recognise and solve problems involving simple ratios.
ACMNA175: Introduce the concept of variables as a way of representing numbers using letters.
ACMNA179: Solve simple linear equations. 
ACMNA187: Solve problems involving the use of percentages, including percentage increases and decreases, with and without digital technologies 
ACMNA188: Solve a range of problems involving rates and ratios, with and without digital technologies  
Summary of lessons
Who is this unit for? 
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	THE BAR MODEL METHOD 



This unit is designed for students in early secondary school who have a basic understanding of whole number operations, and the fundamental concepts of fractions, percentages and ratios, and can use a variable to signify an unknown quantity (depending on the lesson). Apart from the whole number lessons, little formal calculation is required because answers are generally obtained by intuitive means. The lessons use relatively complex problems, so some teachers might include some simpler problems first. The pairs of lessons on percentage, ratio and algebra are independent of each other so can be undertaken in any order when the relevant topic occurs in the school schedule.
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Students need some familiarity with using the bar model method to visualise the structure of the word problems, which ideally has been gained by using the Years 5 and 6 units of this Special Topic. If students do not have this familiarity, teachers can upskill them by teaching an abbreviated version of the earlier units. Alternatively, use the preparatory Lesson X included with this unit. This provides a rapid introduction to the four types of bar model being used, with examples drawn from prior units. It is intended for use with students who will quickly appreciate the use of bar models and where the teacher is confident to use bar models.
Lesson X: Preparation for Bar Models 
This lesson provides a concise introduction to the bar model method. Students are familiarised with the two most commonly used bar models (Part-Whole and Comparison models), using selected worded problems as exemplars. Students then use the bar models as a scaffold to solve the problems.
Lesson 1: Varieties of Bar Models (Whole Numbers)
The bar model is a tool for students to use when solving worded problems. In this lesson, students learn to use this tool to represent contextualised multi-step, multi-part worded problems, by studying worked examples and practising with further tasks. This lesson focuses on problems (involving whole numbers only) that utilise a variety of bar model types. The skills developed are useful across all mathematics topics, and especially when solving problems with algebra (optional in this lesson). 
Lesson 2: Varieties of Bar Models (Fractions)
In this lesson, students learn to use the bar model method as a tool for solving worded problems involving fractions (and fractions of fractions) by studying worked examples and practising with further tasks. Students represent contextualised multi-step, multi-part worded problems with three different types of bar models (part-whole, comparison, change). The skills developed are useful in many mathematics topics. 
Lesson 3: Algebra with Bar Models 1
In this lesson, students learn to use the bar model method to assist in forming and solving simple linear algebraic equations from word problems. This is done through whole class examples and individual or group practice. Students label unknown quantities using algebra, then set up equations, then solve them, with the bar model as a supporting visual representation.
Lesson 4: Algebra with Bar Models 2
Students learn to use the bar model method as a scaffold to solve word problems algebraically. They set up bar models represent problems, label quantities with algebraic variables and expressions, set up equations, and then solve them to find unknowns. Understanding the standard algebraic techniques is supported by the visual representation. All the problems involve changing relationships (change bar models) and the equations are simple linear equations.
Lesson 5: Percentage of a Percentage
This lesson is for students who can find a percentage of a quantity (e.g. 15% of 28), and can express a proportion as a percent (e.g. 6 is 40% of 15). Students learn to solve word problems that involve finding a percentage of a percentage of a quantity (e.g. finding a discount of 10% on a price already discounted by 25%).Students represent the key components of the problems in bar models, which highlights which ‘whole’ they are using at each of step in these multi-step problems. The visual support of the bar models facilitates an organisation and understanding of problems, which can be used in many mathematical topics. Polya’s four steps of problem solving are used to structure the solution process.  
[bookmark: _GoBack]Lesson 6: Comparing Percentages 
In this lesson, bar models are used to enable students to solve problems that involve percentages of different ‘wholes’. The lesson emphasises that a percent is always relative to the nominated ‘whole’ quantities. Whole class examples are followed by group or individual practice. The examples involve equal quantities, expressed as percentages of different ‘wholes’. The comparison bar model supports finding a conversion factor between the percentages of the different ‘wholes’. 
Lesson 7: Bar Models and Ratios 1 
Students first learn how to solve simple practical problems involving a single ratio, using the bar model method as a tool for visualisation. Students then learn how to solve more difficult problems involving two ratios, where the ‘units’ from one ratio need to be subdivided to make them compatible with the other ratio. The lesson ends with students classifying the different ratios involved in computer monitor resolutions.
Lesson 8: Bar Models and Ratios 2 
This lesson extends students’ exploration of bar models as a visualisation and organisation tool whilst solving ratio problems. Students work with two and three ratios of quantities, mainly both before and after an amount has either been transferred between the quantities or otherwise changed. The problem structure is slightly varied throughout the lesson, resulting in students encountering a variety of different approaches to solving problems involving ratios. Alternative solutions to the problems using fractions or algebra can be explored, connecting these topics with ratio. The bar model method is intended to be a flexible tool that students can take with them from this topic to support problem solving in all mathematics areas.

Reflection on this sequence
Rationale 
This unit Bar Model and Secondary Mathematics has several spiral curriculum progression features. 	
· The first two lessons (Lessons 1 and 2) revisit the key ideas of model drawing taught in the earlier units of this special topic, but in greater depth (i.e. more complex model use is tied to the difficulty level of the word problem) and scope (i.e. the bar model is applied to expanding inter-connected mathematical content). Subsequent lessons revisit and draw on this knowledge.
· Mathematical content knowledge is sequenced carefully so that the complexity of use of the bar model is complemented by deeper content-based mathematical thinking. 
· Links between algebra and arithmetic, and between percents, ratios and fractions can be drawn. 
reSolve Mathematics is Purposeful
The bar model method is offered as an effective strategy to help students reduce their cognitive load during problem solving. It is a tool to assist students in conducting mathematical inquiry. Additionally, it helps students to better understand abstract mathematics at the secondary level. Students explore mathematical and contextual interpretations of word problems, translate these ideas on bar models and highlight the key quantities involved, and the relationships between quantities on the bar model. This offers a framework for problem solving. Polya’s four steps of problem solving are also used to model how students’ might structure their own problem solving. 
All the lessons contain clear animated solutions of the problems so students can learn to use the model, and practice tasks are included to consolidate knowledge Furthermore, teachers can discuss different approaches to these problems, drawing upon the bar model as an intermediary visual tool for summarising mathematical relationships between key quantities. The deep linkages between different mathematical ideas in examples involving algebra, percentages, ratio, whole numbers and fractions can also be highlighted. 
reSolve Tasks are Challenging Yet Accessible
A tool for visualisation is especially valuable when students come from a variety of language backgrounds. The bar model method is a pillar of mathematics education in Singapore, as a practical aid to support students’ problem solving. It is especially valued because there are multiple home languages spoken yet education is in English. 
Many of the tasks in this unit might be considered as challenging as they extend the students’ application of the four types of bar models to solve complex word problems. However, the bar models make the problems accessible. Carefully considered prompts are provided for each lesson, designed to scaffold students’ critical thinking about the relationships between the variables in each question and the best use of the various bar models. 
reSolve Classrooms Have a Knowledge Building Culture
The unit is carefully designed to encourage students to draw links between prior knowledge and new learning, for both model drawing and mathematical content. Discussion prompts are phrased so that students share their mathematical thinking and explore various approaches to solve the same problem. Higher order mathematical thinking is encouraged through the task design and discussions stimulated from the choice and subsequent use of bar models. There are opportunities for building success through collaborative inquiry where students work together to unpack the word problem and present differing approaches to represent key quantities in various bar models.
Further Reading
· Ministry of Education [MOE]. (2009). The Singapore model method.  Singapore: EPB Pan Pacific.
· Ng, C. H. J., & Lim, K. H. (2006). A handbook for teachers in mathematics. Singapore: Marshall Cavendish Education.
· Polya, G. (1945). How to solve it. Garden City, New York: Doubleday.
· Yeap, B. H. (2011). Bar modelling - A problem-solving tool: From research to practice (an effective Singapore math strategy). Singapore: Marshall Cavendish Education.
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