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Bar Models and Secondary Mathematics
Lesson 2: Varieties of Bar Models (Fractions) 
Australian Curriculum: Mathematics (Years 6 and 7)
ACMNA126: Solve problems involving addition and subtraction of fractions with the same or related denominators.
ACMNA127: Find a simple fraction of a quantity where the result is a whole number, with and without digital technologies.
ACMNA153: Solve problems involving addition and subtraction of fractions, including those with unrelated denominators.
ACMNA155: Express one quantity as a fraction of another, with and without the use of digital technologies.
Lesson abstract 
In this lesson, students learn to use the bar model method as a tool for solving worded problems involving fractions (and fractions of fractions) by studying worked examples and practising with further tasks. Students represent contextualised multi-step, multi-part worded problems with three different types of bar models (part-whole, comparison, change). The skills developed are useful in many mathematics topics. 
Mathematical purpose (for students)
Fractions, and fractions of fractions, can be shown on a bar model.
Mathematical purpose (for teachers)
This lesson is for students who have some familiarity with bar models used to solve problems with whole numbers, and have a reasonable understanding of equivalent fractions. Students encounter word problems which involve fractions with different denominators, where students need to subdivide fractional parts into smaller parts (e.g. divide fifths into three equal parts, getting fifteenths). The bar models illustrate this process clearly and intuitively. Making the models facilitates an organisation and understanding of the problem, which enables students to solve otherwise complex problems. Polya’s four steps of problem solving are used to structure the solution process. It is intended that this lesson provides students with some examples of this powerful technique for problem solving, that they will continue using in their regular classwork. 
	Lesson Length
	60 minutes approximately

	Vocabulary Encountered
· part-whole model
· comparison model
· change model
 
	Lesson Materials
· Slide show ST4_Secondary_2a_VarietiesFr.pptx
· Student Sheet 1 - Bar Model Examples 2A (1 per student)
· Student Sheet 2 - Bar Model Examples 2B (1 per student)
· Calculators as desired
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	We value your feedback after these lessons via <https://www.surveymonkey.com/r/G6VGPZ8>
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Background 
This lesson is suitable for students who have some familiarity with using bar models to assist with mathematical problem solving. If this is not the case, start with Lesson X: Preparation for Bar Models in this unit. Further information on bar models can be found in the Bar Model Method Teacher’s Guide.
This lesson focuses on solving multi-step word problems involving fractions. One of the key roles of teachers is to guide students to select the appropriate bar models and combinations of bar models for each scenario. There are often several reasonable choices, and some trial and error in creating a good model. Drawing a bar model is intended to be a flexible problem solving tool, not a fixed recipe. 
The lesson plan suggests two whole class examples, followed by increasingly independent practice. Whole class examples (Student Sheet 1 - Bar Model Examples 2A) and further practice tasks for students (Student Sheet 2 - Bar Model Examples 2B) are provided. Solutions to the examples and Tasks can be found in Teacher Sheet 1 - Bar Model Solutions 2A and Teacher Sheet 2 - Bar Model Solutions 2B. The slide show ST4_Secondary_2a_VarietiesFr.pptx provides animated solutions to the whole class examples, and two of the practice tasks. Teachers should choose the balance between whole class work and independent practice depending on the students’ prior experience with the bar model method. Some teachers may need to provide simpler problems.
Whole Class Examples 

Examples 1 and 2 are contained in the animated slide show ST4_Secondary_2a_VarietiesFr.pptx, which can be used during initial instruction and class discussion. Students should write the solutions to these examples, for future reference.
Example 1

	Harry, Hermione and Ron had 216 stickers altogether. Harry gave  of his stickers to Hermione and  of his stickers to Ron. After that, all three children had the same number of stickers. 

a. Who had more stickers at first, Hermione or Ron; and how many more? 
b. How many stickers did Harry have at first?



Sample Solution
This problem requires the use of the part-whole model to represent the number of stickers Harry had, as well as the comparison model, to represent the differences in the number of stickers all 3 children had.
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Part a. Solution
Divide Harry’s bar model into 20 units, as multiples of this division are able to be given to Hermione () and to Ron (). Another way to look at it, is the lowest common multiple of 10 and 4 is 20. Another possibility is to first divide into tenths, and then halve these to be able to show one quarter.
1 unit is equal to  of Harry’s initial number of stickers.
Harry’s stickers (after): 20 units – 3 units – 5 units = 9 units (or, 1 -  -  of his initial number of stickers) 
Since all three children now have the same number of stickers, each child gets 9 units (i.e. the same as the number of units Harry has now, after he has given his stickers away). 
Hence, there is a total of 27 units (3 x 9) for all three children.
27 units = 216 stickers
1 unit    = 216 ÷ 27 = 8 stickers
From the model, Ron had 1 more unit than Hermione at first. So, 
Ron had 8 more stickers than Hermione at first.

Part b. Solution
Harry initially had 20 units worth of stickers.
20 units = 20 x 8 = 160
Harry had 160 stickers at first.
(Alternative solution is presented in Teacher Sheet 1 - Bar Model Solutions 2A)


Discussion organised by Polya’s four stages

[bookmark: _Hlk510601333]Walk through the example with students via the slideshow, using the following discussion points as you progress. The discussion is organised around Polya’s four stages. Feel free to move back and forth between the stages. The bar model can be drawn at the Understand stage too, recording information as it is gathered. Bar models are constructed iteratively, and often need to be revised.


Understand
· Read the problem to the class and help students understand the word problem. Sometimes, it is useful to read the problem line-by-line and check students’ understanding as they finish each line.
· Can you explain the problem in your own words?
· Encourage students to analyse the quantities given in the word problem. E.g. the total number of stickers, number of stickers each child has.
· Did the children have the same number of stickers at first? (ANS: No; they had the same number of stickers at the end)
· Who had the most stickers at first? (ANS: Harry; the children had the same number of stickers at the end after Harry gave some stickers to Ron and Hermione)

Plan
· Discuss how these quantities are related and how they can be represented using bar models. 
· Get students to select which bar model (part-whole, comparison, stack or change) or a combination of bar models is most appropriate, to represent the information. Ask students to explain their selection.
· What type of bar model do we start with? (ANS: Start with a part-whole model for the number of Harry’s stickers)
· If we were to represent Harry’s stickers as the whole in a part-whole model, how many parts would the bars be divided into? Why? 
· (ANS1: 20 parts; because that’s the minimum number of units to divide the bar based on tenths and quarters)
· (ANS2: first I would divide into tenths, and then I would have to divide each tenth into 2 parts to show the quarter)
· Is there another bar model we can draw, to represent the other information? (ANS: Yes; use the comparison model to represent the different number of stickers each child has)
· Can we draw the bars representing the number of stickers all three children had after Harry gave some stickers to Ron and Hermione? (ANS: Yes; based on the number of units marked out in Harry’s part-whole model; we need to remember that all 3 children then had the same number of stickers)
· Is it necessary to draw the models for all 3 children at first? (ANS: No; just the bar for Harry’s stickers is needed) 

Do
· [bookmark: _Hlk510600333]Depending upon the confidence of students at using the bar model method, you may choose to either walk through this problem as a whole group, or allow the students some time to work on their solutions independently or in small groups, then share with the class to consolidate their learning. 
· Points to highlight to students, when drawing the model include:
· The lengths of the bars represent the sizes of the quantities in the problem, but bars do not need to be drawn exactly in proportion.
· Sometimes you need more than one bar to solve a problem.
· There is no ‘exactly right’ way of drawing bars – the aim is to draw a model that helps you to solve the problem.
· Creating a ‘unit’ to represent a number of items in a problem can sometimes be helpful. In this instance, 1 ‘unit’ represents a number of stickers, where multiples of that ‘unit’ of stickers are transferred from Harry to each of Ron and Hermione. This involves either:
· Drawing the total bar for Harry and dividing it into both quarters and tenths, then noticing the quarter mark bisects  and . This informs the divisions of 20 for sharing (the animation in the slideshow demonstrates this approach); or
· Using a prior understanding of equivalent fractions, and finding the lowest common multiple for 4 (from ¼) and 10 (from ), which is 20. The number of Harry’s stamps are therefore divided into 20 equal parts to enable sharing. Alternatively, students can first divide into 10, then subdivide as required. 
· It is also important when drawing the bar models to highlight the common amounts in each bar – in this case, it is the ‘after’ scenario, when all three people have the same number of stickers. A vertical line is drawn to emphasise this.

Check

How do you check your answer? (ANS: By substituting the answers back into Harry’s part-whole model to see if the problem conditions are met. 
Example 2
	Both Samantha and Zoe bought some roses and daisies. They bought the same total number of flowers. The number of Samantha’s roses was  the number of Zoe’s roses. The number of Zoe’s daisies was  the number of Samantha’s daisies. 
a. Samantha was left with  of her roses after she gave 6 roses to another friend, Andrea. How many roses and daisies did Samantha and Zoe buy at first? 
b. After Zoe gave some of her daisies to Samantha, Samantha had five times as many daisies as Zoe. What fraction of her daisies did Zoe give Samantha?
c. In the end, what fraction of Zoe’s flowers were daisies?



Sample Solution
This problem requires the use of the part-whole model to represent the number of roses and daisies each girl had,  the comparison model, to compare the number of roses and daisies between each girl, and the change model, to represent the before-after scenarios of the number of lowers each girl had at first and then at the end. 
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Part a.
[image: ]

3 units = 6 flowers
1 unit   = 6 ÷ 3 = 2 flowers
4 units = 4 x 2= 8 flowers
Samantha had 8 roses and 8 daisies at first.
2 units = 2 x 2 = 4
6 units = 6 x 2 = 12
Zoe had 12 roses and 4 daisies at first.
Parts (b) and (c)
[image: ]
From the model,
b. Zoe gave away  of her daisies.
c. Zoe’s daisies were  of her total flowers in the end.



Discussion organised by Polya’s four stages

Understand
· Encourage students to analyse the quantities given in the word problem. E.g. number of roses and daisies each girl bought, the comparison between the number of roses Samantha and Zoe had, the comparison between the number of daisies Samantha and Zoe had. 
· Do we know the number of roses and the number of daisies each girl bought at first? (ANS: No)
· What information do we know about the number of roses/daisies at first? (ANS: The number of Samantha’s roses was  the number of Zoe’s roses etc.)
· Did the number of roses Samantha have change? Why? (ANS: Yes; she gave some of her roses to Andrea. Note how other information is given as a fraction but this is an absolute number of flowers.)
· Did the number of roses Zoe have change? Why? (ANS: No; no information on this, we assume no change)
· Did the number of daisies Samantha have change in the end? Why? (ANS: Yes; Sam had more daisies because Zoe gave some to her, Zoe had less)

Plan
· Get students to select bar models to represent the information. Ask students to explain their selection and state the quantity being represented by each bar. 
· Which bar model do we draw first? (ANS: The part whole models for Samantha and Zoe, factoring in the comparisons between the number of roses and the number of daisies between the two girls)
· How do we represent the total number of flowers (roses, daisies) each girl had at first? (ANS: The bars should be the same length)
· Given the information about the number of roses Samantha gave Andrea, can we determine the size of one unit? (ANS: One-quarter of the number of roses Samantha had to start with is the most appropriate unit, because all of the gifts of flowers are equal to or multiples of that unit).
· How do we represent the changes in quantities of roses and daisies between the two girls in the model? (ANS: By creating a comparison model and showing the changes in the length of the respective bars and subdivisions)

Do
· Depending upon students’ needs, either walk through this problem as a whole group, or allow the students some time to work on their solutions independently.
· Points to highlight to students, when drawing the model include:
· There is no ‘exactly right’ way of drawing bars – the aim is to draw a model that helps you to solve the problem.
· Creating a ‘unit’ to represent a number of items in a problem can sometimes be helpful. In this instance, a ‘unit’ represents a number of flowers, where multiples of that ‘unit’ of flowers are given away by each girl. The animation in the slideshow provides a clear demonstration for students of how this is achieved.
· Students need not draw the “before” bar and “after” bar separately. Instead, they can change the “before” bar to get to the “after bar” by subdividing the bars. A bar model is intended to be a flexible tool. 

Check
How do you check your answer? (ANS: By substituting the values to check if they concur with the fractions given).
[bookmark: _Hlk510605772]Consolidating and Concluding
Further practice
Hand out Student Sheet 2 - Bar Model Examples 2B. Students work through selected tasks either individually, in pairs or in groups. Discuss solutions as time permits. 
Worked solutions are provided in Teacher Sheet 2 - Bar Model Solutions 2B. Animated solutions to Task 1 and Task 2 are included in the slideshow (ST4_Secondary_2a_VarietiesFr.pptx).
Conclusion 
Summarise the learning points for the lesson, asking students to add their own observations:
· Bar models are used as a way to help organise the information in a problem into a diagram, to help us see how to solve it.
· Fractions are represented by dividing the bars into equal parts. Choose the number of equal parts carefully. Sometimes parts need to be further divided into equal parts. You can start by dividing the bar one way, but then further subdividing the parts. 
· Thinking about common denominators sometimes simplifies drawing bar models. 
· Using Polya’s four steps of problem solving (Understand, Plan, Do, Check) can help as a structured approach to problem solving.





[bookmark: _Student_Sheet_1]Student Sheet 1 - Bar Model Examples 2A
[bookmark: Student_A]Example 1

Harry, Hermione and Ron had 216 stickers altogether. 
Harry gave  of his stickers to Hermione and  of his stickers to Ron. 
After that, all three children had the same number of stickers. 

a. Who had more stickers at first, Hermione or Ron; and how many more? 
b. How many stickers did Harry have at first?








Example 2

Both Samantha and Zoe bought some roses and daisies. They bought the same total number of flowers. 
The number of Samantha’s roses was  the number of Zoe’s roses. 
The number of Zoe’s daisies was  the number of Samantha’s daisies. 
a. Samantha was left with  of her roses after she gave 6 roses to another friend, Andrea. How many roses and daisies did Samantha and Zoe buy at first? 
b. After Zoe gave some of her daisies to Samantha, Samantha had five times as many daisies as Zoe. What fraction of her daisies did Zoe give Samantha?
c. In the end, what fraction of Zoe’s flowers were daisies?					
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Student Sheet 2 - Bar Model Examples 2B

Task 1
Thomas had 240 stamps.  of the stamps were from Australia. The rest of the stamps were from Singapore. 
After Jolene gave Thomas more stamps from Australia, half of Thomas’ stamps were from Australia. 
a. How many stamps did Jolene give Thomas?
b. How many Singaporean stamps would Thomas be left with if he gave away of his Singaporean stamps to his best friend Albert?

Task 2
 of Peter’s marbles was equal to  of Jill’s marbles.
a. If Jill had 6 marbles fewer than Peter, how many marbles did Peter have?
b. After Peter lost some marbles to Jill in a game, Jill had  times the number of marbles Peter had. What fraction of Peter’s marbles was lost in the game?

[bookmark: Student_B][bookmark: _Student_Sheet_2][bookmark: _Student_Sheet_3][bookmark: _Student_Sheet_4]
Task 3
There are 84 pupils in a class.  of the boys and  of the girls wear glasses. 
There are 58 pupils who wear glasses. How many boys were there in the class?


Task 4
Mum bought a box of marbles for her three sons John, Mark and Pat. 
John received  of the box of marbles mum bought, plus an 4 additional marbles.  
Mark received  of the remainder, plus an additional 3 marbles.  
Pat received  of the marbles that were left. 
After all the boys received marbles from the box, there were 5 marbles remaining. 
How many marbles were there in the box to start with?
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Teacher Sheet 1 - Bar Model Solutions 2A
[bookmark: Teacher_A]Example 1 (alternative solution)
Harry, Hermione and Ron had 216 stickers altogether. Harry gave  of his stickers to Hermione and  of his stickers to Ron. After that, all three children had the same number of stickers. 

a. Who had more stickers at first, Hermione or Ron; and how many more? 
b. How many stickers did Harry have at first?
[image: ]

The total number of stickers did not change. 
216 ÷ 3 = 72 since all three children ended up having the same number of stickers.
Harry had 9 units of stickers left. 
9 units = 72 

a. Ron had more stickers at first. He had 1 more unit of stickers than Hermione at first.
9 units = 72
1 unit  = 72 ÷ 9
           = 8
Ron had 8 more stickers than Hermione at first.

b. Harry had 20 units of stickers at first.
[bookmark: _GoBack]Number of stickers Harry had at first = 20 x 8 
	= 160
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[bookmark: Teacher_B]Teacher Sheet 2 – Bar Model Solutions 2B
Task 1 (part-whole & change models)

BeforeStamps from 
Jolene = ?
Thomas’ Stamps
Australian Stamps
Singaporean Stamps
Total Number of Stamps at first = 240
Singaporean Stamps
Australian Stamps
Thomas’ Stamps
Thomas’ Stamps
Singaporean Stamps
Australian Stamps
Given to Albert
Singaporean stamps left = ?


	
	
	
	
	
	
	
	




After (Extra Australian stamps; no change in the number of Singaporean stamps yet)


	
	
	
	
	
	
	
	
	
	



After Thomas gave away  of his Singaporean stamps to Albert…


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	




Part a.
 x 240 = 30
Number of stamps Jolene gave Thomas  = 2 x 30
					= 60
Jolene gave 60 stamps to Thomas.

Part b.
Number of Singapore stamps Thomas had at first =  x 240
	= 150
Number of Singapore stamps Thomas had left =  x 150
	= 100

Thomas was left with 100 stamps.


Task 1 (alternative solution)
Thomas had 240 stamps.  of the stamps were from Australia. The rest of the stamps were from Singapore. After Jolene gave Thomas more stamps from Australia, half of Thomas’ stamps were from Australia.
a. How many stamps did Jolene give Thomas?
b. How many Singaporean stamps would Thomas be left with, if he gave away of his Singaporean stamps to his best friend Albert?

[image: ][image: ]
Part a. Solution
24 units = 240
1 unit     = 240 ÷ 24 = 10
6 units   = 6 x 10 = 60
Jolene gave Thomas 60 stamps.


Part b. Solution
1 unit     = 10 
10 units = 10 x 10 = 100
After giving away  of his Singaporean stamps, Thomas had 100 Singapore stamps left.


Task 2 (comparison & change models)

 of Peter’s marbles was equal to  of Jill’s marbles.
a. If Jill had 6 marbles fewer than Peter, how many marbles did Peter have?
b. After Peter lost some marbles to Jill in a game, Jill had   times the number of marbles Peter had. What fraction of Peter’s marbles was lost in the game?






Part a.
1 unit = 6
15 units = 15 x 6 = 90
Peter had 90 marbles.






Part b.
 =  

Jill should have 17 units (of some size), and Peter 12 units (of the same size) after he lost the marbles.

Luckily, we can see how this might happen from the model, From the model, 3 out of Peter’s original 15 units were lost to Jill. This leaves Peter with 12 units, and Jill with 17 units.
Peter lost  or  of his marbles to Jill.

Alternatively, students may calculate 3 units x 6 marbles = 18 marbles lost
Fraction of Peter’s marbles lost in the game = 
	=  



Task 3: (comparison model only)


There are 84 pupils in a class.    of the boys and  of the girls wear glasses.  There are 58 pupils who wear glasses.  
a. How many boys and girls don’t wear glasses?
b. How many boys were there in the class?
[image: ]
Part a.
84 – 58 = 26
26 boys and girls do not wear glasses.
This is represented by 3 blue boxes and 1 purple box to the left.



Part b.
2 blue boxes and 2 purple boxes represent 32 boys and girls.



1 blue box and 1 purple box represents 32 ÷ 2 = 16 boys and girls.
We call this 1 unit.
Given that 3 blue boxes and 1 purple box represent 26 boys and girls,
2 blue boxes will represent 26 – 16 = 10 boys.
So, 1 blue box represents 10 ÷ 2 = 5 boys.
8 x 5 = 40

There were 40 boys.



Task 4: (part-whole and comparison models)
Mum bought a box of marbles for her three sons John, Mark and Pat. 
John received  of the box of marbles mum bought, plus an 4 additional marbles.  
Mark received  of the remainder, plus an additional 3 marbles.  
Pat received  of the marbles that were left. 
After all the boys received marbles from the box, there were 5 marbles remaining. 
How many marbles were there in the box to start with?

Marbles



5
3
John
Mark
Pat
4










1 yellow unit  = 5 marbles
3 yellow units = 3 x 5 = 15 marbles
1 blue unit  = 15 + 3 = 18 marbles
3 blue units = 3 x 18 = 54 marbles
1 orange unit = 54 + 4 = 58 marbles
3 orange units = 3 x 58 = 174 marbles
There were 174 marbles in the box to start with.
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