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Bar Model Method & Secondary Maths
Lesson 1: Varieties of Bar Models (Whole Numbers)
Australian Curriculum: Mathematics (Years 6 & 7)
ACMNA123: Select and apply efficient mental and written strategies and appropriate digital technologies to solve problems involving all four operations with whole numbers. (Year 6)
ACMNA175: Introduce the concept of variables as a way of representing numbers using letters. (Year 7)
Lesson abstract 
The bar model is a tool for students to use when solving worded problems. In this lesson, students learn to use this tool to represent contextualised multi-step, multi-part worded problems, by studying worked examples and practising with further tasks. This lesson focuses on problems (involving whole numbers only) that utilise a variety of bar model types. The skills developed are useful across all mathematics topics, and especially when solving problems with algebra (optional in this lesson). 
Mathematical purpose (for students)
A bar model helpfully displays the information in a worded problem.
Mathematical purpose (for teachers)
Through this lesson, students become familiar with using bar models to solve more complex worded problems than they may have previously encountered. Students encounter multi-step, multi-part worded problems involving whole numbers only, and represent the key components in a bar model. This facilitates an organisation and understanding of the problem, which enables students to assemble the information and plan a solution path. Polya’s four steps of problem solving are used to structure the solution process. 
It is intended that this lesson provides students with some examples of this powerful technique for problem solving, that they will continue using beyond this lesson. Teachers can facilitate this by continuing to highlight opportunities for the use of bar models in their regular classwork. This lesson would be particularly suitable while students are studying whole numbers, or as a pre-algebra lesson.

	Lesson Length
	Approximately 60 minutes

	Vocabulary Encountered
· Bar model 
· part-whole model
· comparison model
· stack model
· change model
	Lesson Materials
· Slide show ST4_Secondary_1a_VarietiesWN.pptx
· Student Sheet 1 - Bar Model Examples 1A (1 per student)
· Student Sheet 2 - Bar Model Examples 1B (1 per student)
· Students’ calculators as desired
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	THE BAR MODEL METHOD 




	We value your feedback after these lessons via https://www.surveymonkey.com/r/G6VGPZ8
	[image: ]


[image: ]


Background 
This lesson is suitable for students who have some familiarity with using bar models to assist with mathematical problem solving. If this is not the case, start with Lesson X: Preparation for Bar Models in this unit. Further information on the different types of bar models can be found in the Bar Model Method Teacher’s Guide.
Polya’s problem-solving methodology of ‘Understand, Plan, Do, Check’ is used throughout the introductory examples, to provide students with a structured framework to apply when solving problems. For further information, please refer to the reSolve Bar Model Method Teacher’s Guide.
This lesson focuses on solving multi-step multi-part word problems involving whole numbers, and one of the key roles for teachers is to guide students to select the most appropriate bar models and combinations of bar models for each real world situation. 
The lesson plan suggests two whole class examples, followed by increasingly independent practice. Whole class examples (Student Sheet 1 - Bar Model Examples 1A) and further practice tasks for students (Student Sheet 2 - Bar Model Examples 1B) are provided. Solutions to the Tasks can be found in Teacher Sheet - Bar Model Solutions 1B. The slide show (ST4_Secondary_1a_VarietiesWN.pptx) provides solutions to the whole class examples, and two of the practice tasks. Teachers should balance whole class work and independent practice depending on the students’ prior experience with the bar model method.
Whole Class Examples
[bookmark: _Hlk511205650]Hand out Student Sheet 1 - Bar Model Examples 1A. 
Examples 1 and 2 are contained in the slide show ST4_Secondary_1a_VarietiesWN.pptx, which can be used during initial instruction and class discussion. 
Example 1 – Part-Whole model

	A computer shop is having a sale. One laptop and a printer cost $1399. Three laptops and a printer cost $3597.
How much does one laptop cost?
How much does one printer cost?



Sample Solution
This problem requires the use of two part-whole models, then the lengths of the two bars are compared.
[image: ]
Calculating the cost each of a laptop and a printer

Cost of 2 laptops	= $3,597 – $1,399
 	= $2,198
Cost of 1 laptop	= $2,198 ÷ 2 
	= $1,099
Cost of 1 printer 	= Cost of 1 laptop and a printer – Cost of 1 laptop
	= $1,399 – $1,099
	= $300

The cost of 1 laptop is $1,099 and the cost of 1 printer is $300


Discussion organised by Polya’s four stages

[bookmark: _Hlk511224251]Walk through the example with students via the PowerPoint slideshow, using the following discussion points as you progress. The discussion is organised around Polya’s four stages. Feel free to move back and forth between the stages. The construction of the bar model can begin at the Understand stage too, recording information as it is gathered. Bar models are constructed iteratively, and often need to be revised. 

Understand
· Read the problem to the class and help students understand the word problem. Sometimes, it is useful to read the problem line-by-line and check students’ understanding as they finish each line.
· Can you explain the problem in your own words?

· Encourage students to analyse the quantities given in the word problem. E.g. cost of laptop, cost of printer 
· Is the information on the cost of each laptop and the cost of each printer is provided in the problem? (ANS: No)
· What information is given about the cost of laptop and printer? (ANS: One laptop and a printer cost $1,399; 3 laptops and a printer cost $3,597). 
· What do I have to find? (ANS: The cost of one laptop and one printer)
Plan
· Discuss how these quantities are related and how they can be represented using bar models 
· Get students to select which bar model (part-whole, comparison, stack or change) or a combination of bar models is most appropriate, to represent the information. Ask students to explain their selection. 
· What type of bar model do we start with? (ANS: part-whole; to represent the collective cost of one laptop and one printer)
· If the part-whole model is used, which are the “parts” and which is the “whole”. Why? (ANS: The collective cost $1399 can be taken as the “whole” whilst the cost of one laptop and the cost of one printer can be the various “parts” that make up the whole)
· Is there another bar model we can draw to represent the other information? (ANS: Stack model; to add in a representation of the cost of 3 laptops and a printer)
· If the stack model is used, how do we represent the cost of each identical laptop? (ANS: The collective cost $3597 can be taken as the “whole” in the lower bar of the stack, whilst the cost of three laptops and the cost of one printer can be the various “parts” that make up the whole. The cost of each laptop should use the same-sized bar)
· What can we do with the two bar models we drew? Can we deduce something about the cost of one laptop or one printer? (ANS: Yes, we can work out the cost of one laptop)
Do
· Depending upon the confidence of students at using the bar model method, you may choose to either walk through this problem as a whole group, or allow the students some time to work on their solutions independently or in small groups, then share with the class to consolidate their learning. Prompts to spark thinking could include:
· Do we know how many laptops and printers Amanda bought? (ANS: No)
· How should we represent the working that follows?
· Points to highlight to students, when drawing the model includes:
· It is important when drawing the bar models, to highlight the common amounts in each bar – in this case, the cost of one printer and one laptop. Pictorially, a vertical line can be drawn to emphasise this, as noticing the difference between the two bars is key to finding the solution.
· [bookmark: _Hlk511218586]The lengths of the bars represent the sizes of the quantities in the problem, but bars do not need to be drawn exactly in proportion.
· Sometimes you need more than one bar to solve a problem.
· There is no ‘exactly right’ way of drawing bars – the aim is to draw a model that helps you to solve the problem.
Check
How do you check if your answer is correct? (ANS: Substitute the cost of a laptop and a printer into each scenario to check if they add to the totals given in the question.)


Example 2 – Comparison & Change models

	Alan, Bob and Susan are students in the same class. 
They obtained a total score of 189 for Quiz 1. Alan scored 14 marks more than Bob. Susan scored the highest among the three students. 
In Quiz 2, Bob’s score doubled his previous score while Alan scored 18 marks fewer than Bob. Susan kept the same score and she had 3 more marks than Bob in Quiz 2. The three students obtained a total score of 243 between them in Quiz 2. 
What scores did the three students each obtain in Quiz 1?



Sample Solution
This problem requires the use of a combination of the comparison model and the change model.
· The comparison model is used because we are comparing the scores of 3 students in Quiz 1 and Quiz 2.
· The change model is used to represent the change of scores for each student from Quiz 1 and Quiz 
· Part-whole models showing the total scores will not be very useful here.
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Quiz 2
6 units	= 243 + 18 – 3
= 258
1 unit	= 258 ÷ 6 
= 43 

Quiz 1
	Alan’s Score	= 1 unit + 14
= 43 + 14 
= 57
Alan scored 57 marks
	Bob’s Score	= 1 unit 
= 43
Bob scored 43 marks.

	Susan’s Score	= 2 units + 3
= 86 + 3 
= 89
Susan scored 89 marks





Discussion organised by Polya’s four stages

Walk through the example with students via the slide show ST4_Secondary_1a_VarietiesWN.pptx, using the following discussion points as you progress. The discussion is organised around Polya’s four stages. Feel free to move back and forth between the stages. The bar model can be drawn at the Understand stage, recording information as it is gathered. Bar models are constructed iteratively, and often need to be revised.

Understand
· Encourage students to analyse the quantities given in the word problem. E.g. Quiz 1 scores, Quiz 2 scores, total scores in Quiz 1 and Quiz 2.
· Discuss how these quantities are related and how they can be represented using bar models.
· Who has the highest score in Quiz 1? (ANS: Susan)
· Who has the lowest score in Quiz 1? How do you know? (ANS: Bob; he had 14 marks fewer than Alan)
· Who has the highest score in Quiz 2? How do you know? (ANS: Susan again; she had 3 more marks than Bob while Bob had 18 marks more than Alan)
· Who had the lowest score in Quiz 2? (ANS: Alan)
· What do I have to find? (ANS: Alan’s, Bob’s and Susan’s score in Quiz 1)


Plan
· [bookmark: _Hlk511288779]Get students to design bar models to represent the information. Ask students to explain their choice. 
· What type of bar model do we start with? (ANS: comparison; we need three bars to compare scores in Quiz 1)
· How will we deal with Quiz 2?  (ANS: change model; three more bars for scores in Quiz 2)
· Whose bar do we draw first in Quiz 1? Why? (ANS: Bob; he has the lowest score; easier to compare Alan’s and Susan’s scores with his)
· Using the bars drawn in Quiz 1, how can we draw the bars in Quiz 2? 
· Can we create a ‘unit’ bar length to use as reference? (ANS: Yes, Bob’s; since the rest of the bars in Quiz 1 and Quiz 2 can be drawn with respect to Bob’s bar in Quiz 1, Bob’s is taken to be the base ‘unit’) 
Do
· [bookmark: _Hlk511289074][bookmark: _Hlk511289338]Either work through this problem as a class, or allow students some time to work on their solutions independently.
· Draw the bars and label them to show the differences between the scores of the 3 students in Quiz 1 and Quiz 2.
· It is important when drawing the bar models, to highlight the common amounts in each bar – in this case, it is easiest to use Bob’s score, as it is the minimum score. We call this a ‘unit’. Pictorially, a vertical line is drawn for emphasis, as noticing the differences between the two bars is key to finding the solution.
· From the model, we can calculate Bob’s, Alan’s and Susan’s scores in Quiz 1. How should we represent the working that follows from the bar model?
· The lengths of the bars represent the size of the quantities in the problem, but they do not need to be exactly in proportion.
· Other points to highlight to students, when drawing the model include:
· Sometimes you need more than one bar to solve a problem.
· There is no ‘exactly right’ way of drawing bars – the aim is to draw a model that helps you to solve the problem.
· Creating a ‘unit’ to represent a number of items in a problem can sometimes be helpful.
· Constructing the model sometimes needs to be an iterative process, and the initial lengths of the bars need to be adjusted to usefully show the relationships in the problem.
· Constructing the model sometimes needs to be an iterative process, and the initial lengths of the bars need to be adjusted to usefully show the relationships in the problem.
Check
· How do you check your answer? (ANS: add the scores together to check the total is 189 and the other conditions are met).
Consolidating and Concluding
[bookmark: _Hlk511290268]Further practice
Hand out Student Sheet 2 - Bar Model Examples 1B. Students work individually, in pairs or in groups on selected problems.  
Discuss solutions as time permits. Worked solutions are provided in Teacher Sheet - Bar Model Solutions 1B, and solutions to Task 1 and Task 2 are included in the slide show ST4_Secondary_1a_VarietiesWN.pptx.
Conclusion 
[bookmark: _Hlk511228911]Summarise the learning points for the lesson, asking students to add their own observations:
· [bookmark: _Hlk511291180][bookmark: _Hlk511228847][bookmark: _Hlk511290712]Bar models are used as a way to help organise the information in a problem into a diagram, to help us see how to solve it.
· The length of the bars represent the size of the quantities in the problem, but they do not need to be drawn exactly in proportion.
· Sometimes you need to draw a lot of bars to solve a problem.
· There is no ‘exactly right’ way of drawing bars – the aim is to draw a model that helps you to solve the problem.
· Creating a ‘unit’ to represent a number of items in a problem can sometimes be helpful.
· [bookmark: _Hlk510600575]Constructing the model sometimes needs to be an iterative process. For example, the initial lengths of the bars sometimes might need to be adjusted to usefully show the relationships in the problem.
· Using Polya’s four steps of problem solving (Understand, Plan, Do, Check) can help as a structured approach to problem solving.
· Review the purposes and uses of each bar model type (optional, see summary below)

	Part-Whole Model
	For problems that involve one whole (i.e. a quantity) being divided into two or more parts.  We use the part-whole model to find one part of a quantity given the whole and other parts. From the model, the unknown part can be found using four operations; addition, subtraction, multiplication and division. Alternatively, one or more parts can be given and students are required to work out the whole.

	Comparison Model
	For problems that involve comparing between two or more quantities. It is crucial to indicate the difference in quantities between bars. The horizontal bars are typically aligned in a column. From the model, students work out one or more of the unknown quantities (or differences between quantities) using the other information provided.

	Change Model
	For problems that involve changes in one or more quantities during comparison, or changes in some parts within the whole.



It is intended that students to continue to use bar models to help in their regular classwork.






[bookmark: _Student_Sheet_1]Student Sheet 1 - Bar Model Examples 1A
[bookmark: Bar_Model_Example_Questions_Handout]Example 1 – Part-Whole Model

A computer shop is having a sale. One laptop and a printer cost $1399. Three laptops and a printer cost $3597. What is the cost of one laptop and the cost of one printer?















Example 2 – Comparison Model

Alan, Bob and Susan are students in the same class. 
They obtained a total score of 189 when adding their scores together for Quiz 1. Alan scored 14 marks more than Bob. Susan scored the highest among the three students. 
In Quiz 2, Bob’s score doubled his previous score while Alan scored 18 marks fewer than Bob. Susan kept the same score and she had 3 more marks than Bob in Quiz 2. The three students obtained a total score of 243 between them in Quiz 2. 
What scores did the three students each obtain in Quiz 1?
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[bookmark: _Hlk511292097]Student Sheet 2 - Bar Model Examples 1B
[bookmark: Student_Worksheet]Draw bar models to represent the situations below and use them to solve the problems.

Task 1
A farmer had some chickens and ducks. 
He grouped the chickens equally into 6 cages and grouped the ducks equally into 4 cages. 
The number of chickens in each of the 6 cages is the same as the number of ducks in each of the 4 cages. 
All the chickens and ducks the farmer had were in cages. 
The following week, the farmer bought more chickens and ducks, making a total of 45 chickens and ducks. 
He added 1 more chicken to each of the 6 chicken cages and added 1 more duck to each of the 4 duck cages. 
Two chickens and 3 ducks were left uncaged. 
Find the number of chickens and the number of ducks the farmer had at first.

Task 2
Mum gave Alice and Joe some money to buy stationery for the new school term. 
Alice spent three times as much money on stationery as Joe. 
Alice paid an average of $51.50 for some books and an average of $6.90 for some pens. 
She bought 2 more pens than books and spent $189 in total. 
Joe bought a calculator and a folder. 
The calculator cost four times as much as the folder. 
Alice and Joe had $18 left after buying stationery. 
a. How many books and how many pens did Alice buy? 
b. How much did the calculator cost? 
c. How much money did mum give Alice and Joe to spend on stationery?
[bookmark: _Student_Sheet_2][bookmark: _Student_Sheet_3][bookmark: _Student_Sheet_4]
Task 3
Mary wants to buy a leather sofa set which costs $1725. 
She saved $120 in the first month. 
Every month that followed, she saved $120 more than the month before. 
Mary bought the sofa set as soon as she had enough money. 
She still had some savings left after paying for her sofa set. 
a. What was the least number of months Mary needed to save enough to buy the sofa set?
b. How much of her savings was Mary left with after the purchase?

Task 4
The total mass of 3 identical big boxes and 2 identical small boxes is 11 kg. 
The total mass of 4 big boxes and 3 small boxes is 15 kg. 
a. What is the total mass of 1 big box and 1 small box?
b. Write down the total masses of some other combinations of boxes that you can easily find.
c. What is the total mass of 2 big box and 1 small box?   
d. What is the mass of 1 small box?
e. What is the mass of 1 big box?
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Teacher Sheet - Bar Model Solutions 1B
[bookmark: Teacher_Solutions_Sheet]Task 1 (part-whole & change)

A farmer had some chickens and ducks. 
He grouped the chickens equally into 6 cages and grouped the ducks equally into 4 cages. The number of chickens in each of the 6 cages is the same as the number of ducks in each of the 4 cages. All the chickens and ducks the farmer had were in cages. 
The following week, the farmer bought more chickens and ducks, making a total of 45 chickens and ducks. He added 1 more chicken to each of the 6 cages for chickens and added 1 more duck to each of the 4 cages for ducks. 2 chickens and 3 ducks were left uncaged. 
[image: ]Find the number of chickens and the number of ducks the farmer had at first.






Blue boxes represent number of chickens and ducks left uncaged.
10 units = 45 – 8 – 7 = 30
1 unit     = 30 ÷ 10 = 3
6 units = 6 x 3 = 18
There were 18 chickens at first.

4 units = 4 x 3 = 12
There were 12 ducks at first.





Task 1 (alternative solution)
Not specifically showing 1 box representing 3 chickens or ducks – since it may not be initially understood

[image: ]
Number of chickens and ducks at first	= 45 – 8 – 7
= 30

Number of chickens or ducks in each cage	= 30  10
= 3
Number of chickens	= 6 x 3
= 18
Number of ducks	= 4 x 3
= 12

The farmer had 18 chickens and 12 ducks at first.


Task 2 (part-whole & comparison)

Mum gave Alice and Joe some money to buy stationery for the new school term. Alice spent three times as much money on stationery as Joe. 
Alice paid an average of $51.50 for some books and an average of $6.90 for some pens. She bought 2 more pens than books and spent $189 in total. 
Joe bought a calculator and a folder. The calculator cost four times as much as the folder. 
Alice and Joe had $18 left after buying stationery. 
a. How many books and how many pens did Alice buy? 
b. How much did the calculator cost? 
c. How much money did mum give Alice and Joe to spend on stationery?
 
In drawing the bar model, Alice’s $189 has been divided into three equal bars, because Joe has a third as much money as Alice.  

	[image: ][image: ][image: ]Amount of Money Mum gave Alice and Joe = ?
Alice’s Spending = (Number of Books x $51.50) + 
                     (Number of Pens x $6.90) 
                          = $189
Amount Joe was 
given to spend = ?
Number of books = ? Number of pens = ?

	Part a.
$189 is a bit more than 3 times $51.50.
This means that Alice has money to buy 1, 2 or 3 books and so she bought 3, 4 or 5 pens. 
$189 - $51.50 - $51.50 - $51.50 = $34.50
$34.50 ÷ $6.90 = 5
Alice bought 3 books and 5 pens.
(Also check that 1 and 2 books do not work.)


Part b.
Joe’s Money	= 1/3 of Alice’s money
= $63
5 units = $63
1 unit =$63 ÷ 5 = $12.60
4 units = 4 x $12.60 = $50.40
Joe’s calculator cost $50.40




Part c.
$189 + $63 + $18 = $270
Mum gave Alice and Joe $270.






Task 3 (stack model)
	
Mary wants to buy a leather sofa set which costs $1725. She saved $120 in the first month. Every month that follows, she saved $120 more than the month before. 
Mary finally bought the sofa set as soon as she had enough money. She still had some savings left after paying for her sofa set. 
a. What was the least number of months Mary needed to save enough to buy the sofa set?
b. How much of her savings was Mary left with after the purchase?

Month 1
Month 2
Month 3
Month 4
Month 5
$120
$120
$120
$120
$120








Part a.
1725 ÷ 120 ≈ 15
There are approximate 15 sets of 120. 

1 unit    = 120
15 units = 120 x 15 = 1800
Mary managed to save $1800 by the 5th month.
By the 4th month, she had only saved $1200, still short of the target.
Hence, she needed to save up for at least 5 months to buy the sofa set.

Part b.
1800 – 1725 = 75
By the 5th month, she had $75 left after the purchase.






Task 4 (part-whole and stack models)
The total mass of 3 identical big boxes and 2 identical small boxes is 11 kg. 
The total mass of 4 big boxes and 3 small boxes is 15 kg. 
a. What is the total mass of 1 big box and 1 small box?
b. Write down the masses of some other combinations of boxes that you can easily find.
c. What is the total mass of 2 big box and 1 small box?   
d. What is the mass of 1 small box?
e. What is the mass of 1 big box?

There are many different pathways through this problem, all based on comparing lengths of different bars. Solving problems in this way mimics the ‘elimination’ method of solving simultaneous equations. These problems with the bar models can be revisited when introducing that topic in future study. 
[bookmark: _GoBack][image: ]

Part a.
Comparing first two bars for 1 small box + 1 big box:   
15 – 11 = 4
The mass of 1 big box and 1 small box is 4kg
Part b.
This question encourages students to explore combinations. 
Many answers for example:
7 big boxes and 5 small boxes
(ANS: 26kg)
5 big boxes and 4 small boxes
(ANS: 19kg)

Part c. 
Looking at third bar for 2 big boxes and 1 small box:
11 – 4 = 7
The mass of 2 big boxes + 1 small box is 7 kg

Part d.
Create fourth bar by rearranging second bar for better visuals to find mass of small box.
15 – 7 – 7 = 1
The mass of 1 small box is 1 kg.
(Alternative:  remove two (1 big + 1 small) combinations from bar 1)

Part e.
Calculate mass of a big box from parts a. and d.
4 - 1 = 3
The mass of 1 big box is 3 kg.
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